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In this paper a linear switched reluctance generator used in a direct drive wave energy converter
is considered for modeling and model-based optimal control. Linear switched reluctance generators
(LSRGs) are highly nonlinear electromechanical
converters which must be adequately controlled in
order to achieve a satisfactory energy conversion
efficiency. In order to pave the way for a systematic
design of a control strategy that directly addresses
the wave energy converter efficiency maximization
and respects system constraints, the discrete-time
piecewise affine (DTPWA) hybrid model form is
proposed to model the considered LSRG in the
configuration with a power converter. The procedure of obtaining a hybrid DTPWA model itself
is also pursued in a systematic way, by employing
clustering-based piecewise affine fitting of nonlinear
characteristics of the considered LSRG, which are in
turn computed from the generator geometry using
finite element analysis methods. The hybrid DTPWA
model is validated on the starting nonlinear LSRG
model.
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Figure 1: Principal scheme of a seabed-fixed direct drive
WEC.
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further progress in this direction may be achieved by
simplifying the translator structure such that it contains
no permanent magnets, e.g. by using maintenancefree linear switched reluctance generators (LSRGs).
Furthermore, their advantage compared to permanent
magnets based machines is also larger achievable force
density [1], which is very important for the direct drive
wave energy exploitation due to low speeds of the
linear motion that requires large forces for large power
outputs. For now LSRGs are seldom used in buoyant
moored devices, mostly since they are hard to control in
order to achieve a satisfactory generating efficiency. An
attempt for LSRG control particularly in wave energy
exploitation is [5], while a good survey on classical
procedures for switched reluctance generators (SRGs)
cascaded control in varying speed applications, though
for rotating machines, can be found in [6]. Sliding mode
control for LSRGs is applied in [7].
High nonlinearity of SRGs and LSRGs in particular
is a consequence of nonlinear dependency of counterelectromotive force, electrical circuit inductance and
induced generator force, with respect to phase currents

1. Introduction
Waves induce periodic change of the sea surface level
which can be exploited for generation of mechanical
energy using various types of buoys that track this
change due to buoyancy. Transformation of buoys updown movement into electrical energy, performed either
in the sea surface leveled system or in the seabedfixed system, is suitable for various types of linear
generators in so-called direct drive wave energy converters (WECs). A principal scheme of such seabedfixed exploitation system is given in Fig. 1. When
direct drive WECs are used no additional mechanical
conversions before the drive are needed which simplifies the whole assembly, reduces its cost and raises
its robustness and efficiency [1], [2]. Different linear
generators that have for now been suggested to be
used in direct drive WECs are mostly machines with
permanent magnets on the translator [3], [4]. Following
the tendency of the overall assembly cost reduction,
1
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and provides the derived DTPWA model validation in
comparison with the starting LSRG nonlinear model
based on FEA computed nonlinear characteristics.

and translator position and speed. It is very hard to
pose a good closed-loop control strategy for the power
converter of a varying speed LSRG in its all incurred
states, characterized by different phase currents and
translator positions and speeds. Its aim would be to
maximize the LSRG energy conversion efficiency while
respecting physical and safety constraints of the drive
and the power converter. To that aim it is required to
apply advanced control methods that take advantage
of the LSRG model for its whole operating range.
Model predictive control (MPC) [8] concepts evolved
in past decades to enable a systematic approach to
such problems. Early 2000s yielded enhancements of
this control design methodology, called explicit MPC,
needed for MPC application to fast-sampling time systems in case of the system representation via a discretetime piecewise affine (DTPWA) or a discrete-time linear
hybrid state-space model [9], [10]. Namely, optimal
control law can for such systems be pre-computed
off-line in a look-up table form, through a dynamic
programming procedure that combines mathematical
programming with polytopic sets manipulations. In online implementation this pre-computed look-up table is
only evaluated for the measured/estimated state in order
to yield the optimal control input for the system.

2. The considered linear switched reluctance generator
In this paper three-phase LSRG with a bridge power
converter is considered. Its schematic drawing is shown
in Fig. 2, together with the power converter topology
in phase B. The non-drawn parts of the power converter topologies in phases A and C are analogous.
The switches SB1 and SB2 are always turned on or
off simultaneously and are controlled with a discretevalued scalar SB , where
SB = 1
SB = 0

≡ contacts SB1 and SB2 closed,
≡ contacts SB1 and SB2 open.

(1)

Analogous relations hold for control inputs SA and SC .
In our case, nominal current of the power converter is
In = 12 A.
24 V

SB1

SB2

iB

DTPWA models comprise several affine (linear plus
offset) dynamics defined over disjunctive sets of system
states and inputs and can be used to model arbitrary
nonlinear systems if large enough number of affine
dynamics is employed. They represent a class of socalled linear hybrid models (here “hybrid” stands for
a combination of continuous- and discrete-valued variables) and are equivalent under mild assumptions to
many other classes of hybrid models, like mixed logical
dynamical (MLD) models class [11], [12]. The particular abilities of DTPWA models to (i) arbitrarily well
approximate nonlinearities which occur in LSRGs and
to (ii) tackle discrete-valued variables like 0-1 inputs
to power transistors of the LSRG power converter
make them suitable to model the configuration of an
LSRG with a power converter. The suitability of such
models for optimal control computations encircles the
reasoning why DTPWA models are chosen for this
application. In order to make the modeling procedure
systematic and applicable also to other LSRGs, different
from the considered one, the finite element analysis
(FEA) computed nonlinear characteristics of the LSRG
phase inductance, counter-electromotive force and reactive force are fitted with a piecewise affine (PWA)
map using a clustering-based PWA fitting procedure
introduced in [13].
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Figure 2: Schematic drawing of the considered LSRG and of
its power converter.

The mathematical model of the considered LSRG
– power converter configuration, where LSRG is also
connected to the floating buoy, is:
L(iA , x + 20) didtA = (2SA − 1)Vdc − RiA −
−ke (iA , x + 20)v, iA ≥ 0,
L(iB , x) didtB = (2SB − 1)Vdc − RiB −
−ke (iB , x)v, iB ≥ 0,
L(iC , x − 20) didtC = (2SC − 1)Vdc − RiC −
−ke (x − 20, iC )v, iC ≥ 0,

In this work we consider a three-phase LSRG for
which a corresponding experimental setup exists, and
which is introduced in [7], [14]. Its description and
nonlinear model are given in Section 2. Section 3
outlines a simple LSRG control algorithm which shows
rather bad performance in terms of efficiency and thus
motivates to introduce more advanced control. Section 4
outlines the procedure of DTPWA LSRG modeling

2

(2)
(3)
(4)

m ddt2x = 103 · (F (x − 20, iA ) + F (x, iB )+
+F (x + 20, iC ) + Fbuoy − mg − Fother (x, v)).
(5)
In (2)–(5) the meaning of variables and functions is
as follows: iA [A], iB [A], iC [A] are phase currents in
phases A, B and C, respectively, Vdc [V] is the power
2
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3. Simple control of the considered linear
switched reluctance generator

converter DC-side voltage, x [mm] is the translator
position relative to the translator-stator teeth alignment
position for the phase B, v[m/s] is the translator velocity, L [H], ke [Vs/m] and F [N] are the overall single
phase inductance, the phase counter-electromotive force
coefficient and the phase reaction force, respectively –
all the three of them are functions of the phase current
and x that are periodic in x with period equal 60 mm,
R [Ω] is the overall single phase resistance, m [kg] is
the mass of the overall moving parts (buoy, transmission
and translator), Fbuoy [N] is the buoyancy force on the
submersed part of the buoy, g [m/s2 ] is the gravity force
acceleration and Fother [N] accounts for all other forces
that arise due to reaction forces of WEC built in springs
and dampers as well as due to friction – which is a
function of the translator position and speed. Functions
L, ke and F are computed using FEA [15] in a finite
number of points - on a grid sized 0.5 × 0.6 [A×mm]
in the phase current - translator position space. They
are depicted in figures 3, 4 and 5.

The counter-electromotive force (CEMF) induced in
a phase winding supports the phase current flow (generating mode) for a certain period after the translator
teeth pass the position in which they are aligned with
the stator teeth of the corresponding phase, e.g. for
phase B and v > 0 CEMF supports the current flow
for x ∈ (0 mm, 30 mm), see (3) and Figure 4. The
CEMF is proportional to the translator velocity and
the phase current itself in a manner that the power
inflow to the DC source during phase demagnetization
can be made greater than the preceding outflow for
phase magnetization. The electrical energy production
control algorithm in principle consists of magnetization
of the phase, possibly prior to reaching the aligned
position, and of several subsequent demagnetizationmagnetization intervals after passing it, until the instant
when CEMF starts to oppose the phase current (motoring regime). How exactly should this be done is a hard
question due to present system nonlinearities.
A first-hand solution is a simple control concept
which only keeps the LSRG in the generating mode –
the phase p (p ∈ {A, B, C}) for which teeth alignment
occurs is magnetized until ip is equal to the nominal
value (ip = In = 12 A), and then demagnetized until
again ip = 0. This is repeated until the alignment in the
next phase occurs. This control algorithm does not take
advantage of the machine characteristics computed by
FEA and is used only to show that the LSRG operation,
in terms of efficiency, critically depends on the control.
For simulation purposes a parallelepiped-shaped
buoy with a submersible surface of 1 m2 is assumed.
In Fig. 6 the mechanical energy delivered to the LSRG
translator over time and the electrical energy produced
by the LSRG setup controlled in the described way,
with two different wave amplitudes (A = 1.75 m and
A = 2 m) are presented. The wave time function
is assumed sinusoidal with frequency equal 0.16 Hz.
The system is simulated with force Fother ≡ 0. The
mechanical energy handed over to LSRG translator is
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Figure 3: Function L(i, x) of the considered LSRG obtained
using FEA.
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Figure 4: Function ke (i, x) of the considered LSRG obtained
using FEA.

Emech (t) =

Zt

(Fbuoy (τ ) − mg)v(τ )dτ,

(6)

0

while the produced electrical energy by the LSRG is

F [N]

50

0

Eel (t) = −

Zt

0

−50
0

Vdc

X

(2Sp (τ ) − 1)ip (τ )dτ. (7)

p∈{A,B,C}

2
4

The rather low efficiency obtained due to ohmic losses
presents a motivation to introduce more advanced
model-based control strategies which would be particularly effective at low translator velocities where
LSRG with the current simple control strategy is very
inefficient.
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Figure 5: Function F (i, x) of the considered LSRG obtained
using FEA.
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a) valve amplitude: A = 1.75 m
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4.2 Derivation of the DTPWA model
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The modeling approach regarding the periodicity of
the LSRG mathematical model with respect to translator
position x is similar to the approach already used in [17]
for DTPWA model derivation, though the latter was
used for rotating switched reluctance machines. The
approach actually focuses on the interval sized as one
third of the 60 mm period and properly inter-switches
the currents in the model once the translator position
crosses above/below this interval. More in detail, we
introduce the model currents i1 , i2 and i3 , where
between them and the actual phase currents iA , iB and
iC the following holds:


iA




 iB  if mod(x, 60) ∈ [10, 30],






 
 iC 


i1
 iC
 i2  =  iA  if mod(x, 60) ∈ (30, 50],


i3
  iB 



 iB



  iC  if mod(x, 60) ∈ [0, 10) ∪ (50, 60)


iA
(10)
Together with model currents also model switches S1 ,
S2 and S3 are introduced, whose relation to actual
switches SA , SB and SC is analogous to (10). Based
on that we only model the behavior of the LSRG in
discrete-time for x ∈ [10, 30]. Then, if x in the next
time instant becomes e.g. larger than 30 the currents i1 ,
i2 and i3 must be properly inter-switched (i1 becomes
i3 , i2 becomes i1 , i3 becomes i2 – see (10)) and x
is decreased by 20. The standing assumption here is
that x does not change more than 20 in one sampling
instant which is assured with appropriate choice of the
sampling time. Analogous reasoning holds also for the
case when x in the next sample hit falls below 10.
From (2)–(4) and (10), the model currents are on the
interval x ∈ [10, 30] modeled with

di1
f1+ (i1 , x, v) if S1 = 1,
=
(11)
f1− (i1 , x, v) if S1 = 0,
dt

di2
f2+ (i2 , x, v) if S2 = 1,
=
(12)
f2− (i2 , x, v) if S2 = 0,
dt

di3
f3+ (i3 , x, v) if S3 = 1,
=
(13)
f3− (i3 , x, v) if S3 = 0,
dt
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Figure 6: Mechanical energy delivered to the LSRG and electrical energy produced for waves amplitudes of a) A = 1.75
m and b) A = 2 m.

4. DTPWA model of the considered LSRG
used for wave energy exploitation
4.1 Assumptions
DTPWA model generation underlies few assumptions that are discussed first. From the simulations
used to obtain responses in Fig. 6 several conclusions can be made. Firstly, phase single magnetizationdemagnetization time does not last longer than about
20 ms. It is thus estimated that the prediction horizon
used in MPC will not have to be larger than that
time. During that time the translator speed does not
change drastically even for extreme wave amplitudes
considered in Fig. 6. Thus the equation of LSRG
motion (5) is replaced with the following simplified
model:
dx
dt
dv
dt

=

103 v,

(8)

=

0.

(9)

where e.g.
f1+ (i, x, v) =

Such simplification is vital for control since it would be
very hard to accurately estimate and predict the force
Fbuoy which strongly depends on the local wave data
that should be available. Moreover, its characteristics
with respect to waves and translator position changes
over time due to biofouling [3], [16]. The biofouling
also significantly affects the overall mass of the moving
parts [16] and enlarges inertia with time which in turn
makes our assumption of slowly changing speed more
valid.

Vdc − iR − ke (i, x + 20)v
L(i, x + 20)

(14)

and other functions are derived analogously. The condition stemming from the diodes and switches characteristics that requires i1 , i2 , i3 ≥ 0 will be ensured later
on in the DTPWA model derivation. The functions f1+ ,
f1− , f2+ , f2− , f3+ , f3− are evaluated on all points of
i − x − v grid, where subgrid in i − x is the same as the
one used for FEA, while for v discretization of 0.5 m/s
is used, on the scale ±5 m/s. Namely, translator speed
somewhat less than 5 m/s is found to be the maximum
4
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speed that occurs for extreme wave heights of 2 m in
simulations used to obtain Fig. 6b.
Based on the set of domain-codomain points that
describe functions f1+ , f1− , f2+ , f2− , f3+ , f3−
each function is approximated with a piecewise affine
map using a clustering-based fitting procedure [13],
[18]. Each function is approximated with only two
affine partsqand
the obtained root-mean squared errors
P

here since for each fixed combination of switches an
autonomous DTPWA model of the system is obtained,
meaning that the polytopic regions of that model have
only lower-dimensional intersections. The set of all
model indices that are generated by certain combination
of switches S1 , S2 , S3 is denoted with I(S1 , S2 , S3 ).
The overall hybrid DTPWA model is:

j ∈ I(S1 , S2 , S3 ), and
z(k + 1) = Aj z(k) + aj if
Hj z(k) ≤ Kj ,
(18)
where Aj ∈ R5×5 , aj ∈ R5 , Hj and Kj are matrices
that determine the region where the model j is valid,
j = 1, 2, . . . , 405. For each model j the LSRG energy
consumption is also computed as

e2

N
(RMSEs,
N ) are in the range of 5 − 8% of
the maximum phase current derivative incurred on the
entire domain. The approximating PWA functions are
denoted with fˆ, e.g.
 ⊤
θ1+,1 [i x v 1]⊤ if H1+,1 [i x v]⊤ ≤ K1+,1 ,
ˆ
f1+ =
⊤
θ1+,2
[i x v 1]⊤ if H1+,2 [i x v]⊤ ≤ K1+,2 ,
(15)
where θ1+,j ∈ R4 are parameter vectors of the affine
map, matrices H1+,j , K1+,j determine where the affine
map is valid, j = 1, 2. Analogous relations to (15)
hold also for fˆ1− , fˆ2+ , fˆ2− , fˆ3+ , fˆ3− . Substantial
improvement in RMSE error, practically its halving,
may be obtained by using three affine parts in the
PWA function, but this has a major impact on the final
DTPWA model complexity.
With 23 = 8 different combinations of switches
S1 , S2 , S3 (000,001,...,111) and 23 = 8 different
combinations of affine maps like those in (15) for
each fixed switches combination, overall 64 different
continuous-time autonomous affine models of the system are obtained:

ż(t) = Acj z(t) + acj if Hjc z ≤ Kjc ,

(k+1)T
Z

E=

kT

X

(2Sp (kT )−1)i(τ )dτ = ηj⊤ [z ⊤ 1]⊤ ,

p∈1,2,3

(19)
which is negative for power generation, and positive
for power consumption between the sampling instants;
ηj ∈ R6 are computed from the continuous-time PWA
model (16).
For maximization of the power generation, the
switching sequence in the future should be made such
that the sum of the corresponding energy consumptions
between the discrete-time instants is made minimal.
The latter statement, once having the complete LSRG
hybrid DTPWA model derived in the form (18)–(19),
can be formalized and resolved by means of dynamic
programming which yields an optimal control law for
the considered LSRG [10], [9].

(16)

where z = [i1 i2 i3 x v]⊤ is the system state, Acj ∈
R5×5 , acj ∈ R5 , Hjc and Kjc are matrices that determine
the region where the model j is valid, j = 1, 2, . . . , 64.
According to the phase current dynamics and the
translator velocities incurred during the transients, sampling time of T = 1 ms is chosen and each of
the 64 autonomous continuous-time affine models is
discretized using Zero Order Hold and the following
set of models is obtained:
z(k + 1) = Adj z(k) + adj if Hjd z(k) ≤ Kjd ,

Vdc

4.3 LSRG DTPWA model validation
The obtained DTPWA model is validated against
the nonlinear LSRG model that uses FEA data. The
DTPWA model state is re-initialized with the nonlinear
model state every 20 ms, i.e. every 20 discrete-time
steps. Between the re-initialization instants, the models
are run independently from each other – they only
share the same control input sequence of SA , SB
and SC . The results presented in Figure 7 show a
good agreement between the models. Two strategies
for selection of control inputs are considered – simple
control used for electricity production in Section 3
(Figure 7a) and random control (Figure 7b). Random
control means that power switches SA , SB , SC are in
sampling instants switched randomly on or off if the
corresponding phase current is smaller than some predetermined value, otherwise are kept off. The upper
subfigure shows transients of one of the phase currents
– there is no need to show all three since each current,
as x continuously rises or declines, is affected by all
of the currents rows of the DTPWA submodels due to
inter-switching (10). The lower subfigure presents the
LSRG electrical energy consumption predicted by the
DTPWA model and the actual consumption, in order
to validate (19). The middle subfigure shows the actual

(17)

where Adj ∈ R5×5 , adj ∈ R5 , Hjd = Hjc and Kjd = Kjc
are matrices that determine the region where the model
j is valid, j = 1, 2, . . . , 64, k is the index of a discrete
time instant kT . Finally, in order to model the current
inter-switch once x(k + 1) becomes larger than 30 or
smaller than 10 (3 choices) and to model the effect
of diodes and power transistors in the converter which
suppress negative phase currents (2 choices for each
current), each of the 64 discrete-time models has to be
partitioned in maximum 3 · 23 = 24 different models.
Luckily, many of them have empty domain and are
thus neglected – e.g. phase current ip cannot become
negative with Sp = 1. At the end, for the considered
LSRG and the used modeling procedure, one ends up
with a hybrid DTPWA model that comprises 405 different dynamics. The term “hybrid” is intentionally used
5
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“Nonlinear dynamic simulation model of switched reluctance
linear machine,” Procedia Earth and Planetary Science, vol. 1,
pp. 1320–1324, 2009.
[15] Infolytica Corporation. (2010) Magnet 7.1. [Online]. Available:
http://www.infolytica.com
[16] O. Langhamer, D. Wilhelmsson, and J. Engström, “Artificial
reef effect and fouling impacts on offshore wave power foundations and buoys – a pilot study,” Estuarine, Coastal and Shelf
Science, vol. 82, pp. 426–432, 2009.
[17] M. Vašak, D. Žarko, N. Perić, F. Kolonić, and H. Chen,
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Figure 7: Comparison between the nonlinear and the hybrid
DTPWA model performance; a) Simple control, b) Random
control.

and predicted translator velocity and reveals how big
error is made with neglecting the dynamics of the
mechanical part of the wave energy converter.

5. Conclusion
The paper presents a systematic approach to discretetime piecewise affine modeling of a three-phase linear
switched reluctance generator in configuration with
a bridge power converter, used in direct drive wave
energy converters. The procedure is based on finite
element analysis and fitting of obtained nonlinear functions with piecewise affine maps using clustering-based
identification algorithm. The obtained model presents
a basis for computation of optimal control algorithms
for linear switched reluctance generators which yield
the control sequence for the power converter transistors
that ensures maximum power capture of the system and
its safe operation.
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